Abstract-In materials consisting of several thin layers, multiple reflections within the structure give rise to received ultrasonic signals composed of overlapping echoes. In this paper we present a parametric model that can be used to decompose such signals into the individual reflections. We derive a Maximum Likelihood Estimator for the the model parameters, which are then used in a Generalized Likelihood Ratio Test (GLRT) to detect flaws in multi-layered structures. We show with simulations how the presence of a thin bonding layer in a three-layer structure can be detected. The probability of detection is shown to be ≈ 96%, for a signal-to-noise ratio (SNR) of 15 dB and a probability of false alarm of 5%.
I. INTRODUCTION
Non-destructive testing of materials using ultrasound has a wide range of applications in the area of process control, see for example [1] , [2] and [3] . In this paper we propose a detector, based on parametric modeling of the received ultrasound waveform, to be used for flaw detection in layered media. The model structure is chosen so that all dynamics of the waveform is captured by a small number of parameters. All subsequent analysis is then done on the model parameters rather than on the entire waveform, which enables costeffective storage and fast processing.
The material is modeled using a continuous autoregressive (AR) model [4] , [5] with parameters connected to physical properties, related to the thicknesses of the material layers and the reflection coefficients given by the layer boundaries. In this paper we derive a general model structure for reflections from layered media. We then show with simulations how the Maximum Likelihood Estimate (MLE) of the parameters can be used to reconstruct the waveform.
The task of the detector is to determine whether a thin bonding layer in a three-layer structure is present or not. The detection scheme is based on the Generalized Likelihood Ratio Test (GLRT) which, given the MLEs of the model parameters, yields the detection rule.
The detection scheme is verified using simulations on threelayered materials, where two thin 0.5−5 mm layers are bonded together by a 20−50 µm layer. Results show the evaluation of the probability of detection vs the probability of false alarm for varying signal-to-noise ratios and layer thicknesses. The evaluation of the detector threshold gives the probability of detection for varying situations.
II. SIGNAL MODEL
Sending an ultrasonic echo through a multi-layered material will produce a received output signal waveform consisting of several overlapping, delayed and attenuated echoes. The multi-layered structure is modeled using a continuous AR model, where the AR coefficients are connected directly to the physical properties of the material. For a single layer the AR model is relatively simple, but expands as the number of layers increases. The effects of dispersion and diffraction are assumed to be negligible and the different materials are considered to be lossless. Hence, the material attenuation is not included in the model in this paper, but could be easily modeled using an additional parameter for each layer.
A. Model for a Single Layer
Considering the ultrasonic wave to be a harmonic plane wave in the far field [6] , equations for waves in layered media can be used. If the incident wave is perpendicular to the surface, the density and sound velocity forms the reflection and transmission coefficients used to calculate the amplitude of the reflected waves. The time of arrival of an ultrasonic echo traveling back and forward in a layer is represented by τ = 2dq cq , where c q is the speed of sound and d q is the thickness of layer q, respectively.
Assume a model structure shown in Eq. (1), where U(ω) is the input signal in the frequency domain and Y(ω) is the received output signal in the frequency domain. The model of the transfer function is a reverberant multi-layered structure H(ω). The output Y(ω) is then represented as
where
where ω = 2πf (f being the frequency of the sound wave) and R 01 is the reflection coefficient from the top layer and τ 0 is the time delay for the ultrasonic pulse traveling the distance d 0 back and forward from the transducer to the material in the water buffer region. The function G(ω) in Eq. (2) is the general model of the multi-layered structure for q layers. An iterative model for the reflection from a multi-layered structure has been derived by Brekhovskikh [7] , but is here derived in a more convenient way for system transfer function identification. In Fig. 1 the model is shown for a one-layer structure. In [7] it is shown that for a one-layer structure, ignoring R 01 , the reflection from within the layer is
The first coefficient, R 01 , can be ignored because it is already in our model in Eq. (2). The inequality |R 10 R 12 e −jωτ1 | < 1 must be fulfilled for the system to be stable. This condition is assumed to hold for each sum of echoes following in the derivation of the signal model. Using Eq. (3) in the transfer function H(ω) in Eq. (2) as G(ω) gives the transfer function for a one-layer structure. This holds for an arbitrary number of layers and hence, G q (ω) is the model for the multi-layered structure of q layers in the transfer function H q (ω). 
B. Model for an Arbitrary Number of Layers
Every single layer in the multi-layered structure can be viewed as the layer in Fig. 2 with the summed inputs from both overlying and underlying layers. The output signal at the boundary of the top of layer q is the sum of all the echoes V qi and V qi , i.e.
This signal, U q−1 , is the input signal at the boundary to the overlying layers. The output signal at the boundary of the bottom of the layer q is the sum of all the echoes W qi and W qi , i.e.
The output of this layer, U q+1 , is the input at the boundary to the underlying layers. If we have q layers in a structure, U q+1 is not needed since it is the output of the entire structure and no further reflections will be possible.
C. The General Multi-Layered Structure
The model for an entire multi-layered structure can be derived as
for q ≥ 2. The case when q = 1 was derived in Eq. (3) and with these notations it is G 1 (ω) = A 1 . For q layers the model is extended using the formula in Eq. (10), and finally, G q+1 (ω), is equal to A q for q layers, where A q is the amplitude of the q:th reflection.
D. Transfer Function Models for Two and Three Layers
Here we state the explicit expressions for the transfer functions for the cases of two and three layers. The general model of the multi-layered structure G q (ω) is derived for two and three layers and inserted in the transfer function H q (ω), in Eq. (2). For a two-layer structure the entire model is
with
T as the vector of parameters to be estimated. For a three-layer structure the corresponding model is 
III. PARAMETER ESTIMATION Given the model structure described in Section II, we here derive the frequency domain Maximum Likelihood Estimator (MLE) for the model parameters. From Eq. (1) 
where σ 2 e (ω, θ) is the variance of the error [8] , given by σ
yu H(ω, θ)} (15) If θ is the unknown parameter vector and C e is the covariance matrix of the error, the multivariate complex Gaussian PDF becomes
The derivative of the log-likelihood function being set to zero minimizes the error. The Gauss-Newton method is then used to iteratively find the parameter vector [9] , i.e.
IV. FLAW DETECTOR A detector may be thought of as a mapping from the data values into a decision, or in our case from the parameters into a decision. A Generalized Likelihood Ratio Test (GLRT) is a hypothesis test used in the detection algorithm, with the advantage that the detection is performed on the MLEs of the parameters. The task for the detector is to determine whether the modeled material has a two-or a three-layered structure, using the estimated parameter vectorθ. The hypothesis in the test can be stated as
where the null hypothesis, H 0 , is the case when there are a three-layered structure. The GLRT is not associated with any optimality criterion, but is nevertheless commonly used. The GLRT decides hypothesis 
Simplifying and taking the logarithms on both sides we have
where V(θ) = ε(θ) H ε(θ) is the cost function. Hence, we decide
The threshold γ is decided from
where P F A is the probability of false alarm and α is the level of significance of the test.
V. SIMULATIONS
The signal model and the detector are evaluated through a simulation procedure to be able to show the precision in the parameter estimation and the efficiency in the detection algorithm. The performance is evaluated in a simulation environment consisting of a three-layer structure where the middle layer is a thin bonding layer. The task for the detector is to determine when the bonding layer is missing.
To simulate the signal model a Gaussian echo [11] 
2 , τ =1 µs, f c =35 MHz and φ=1 rad, is used as the input time domain reference signal. The simulated data consists of 2048 points with a sampling rate f s of 400 MHz. AR models with two and three layers were simulated to create output signals, and measurement noise in the frequency domain with varying signal-to-noise ratio (SNR) were added to the input and output signal. If P noise = σ 2 is the variance of the noise in the frequency domain, and P signal = σ 2 U is the variance of the input signal U, the SNR is defined as
The parameters used when creating the AR models were for two layers, θ = [0. T . These parameters are directly connected to physics. The first half in the parameter vectors are the reflection coefficients between the layers and the second half are the sample times of arrival, τ s = f s τ , associated to the thickness of the layers. In the threelayer case the top layer has the highest acoustic impedance and the middle bonding layer has the lowest acoustic impedance. In the two-layer case the middle bonding layer is missing. The thickness of the top layer is 2 mm, the middle layer 30 µm and the bottom layer 0.5 mm. These choices of the layer thicknesses produces overlapping echoes in the simulated output signal.
The estimation is performed with the starting values directly connected to the theoretical values of the reflection coefficients and the layer thickness. VI. RESULTS The evaluation of the parameter estimation shows that a reverberant overlapping signal waveform can be estimated using the parametric model described in this paper. In Fig. 3 the estimated signal waveform is plotted along with the simulated waveform. The simulation environment produces overlapping echoes to test the parameter estimation. Since the residuals are consisting of noise only, the signal waveform can be described by the estimated parameter vector. A way of summarizing the performance of the detector is to plot the probability of detection, P D , versus the probability of false alarm, P F A . This type of evaluation is called the Receiver Operating Characteristics (ROC) and for this detector it is shown in Fig. 4 for different SNRs. Choosing the desired level of significance of the test, α, will give the value of the threshold γ that will be used in the detection algorithm. Calculating the integral in Eq. (23) with a significance level (probability of false alarm) of α = 5% for varying SNR gives the threshold γ. Table I shows the values of the estimated P D and the threshold γ for varying SNR for α = P F A = 5%. In Table I it is shown that for SNR around 15 dB the probability of detection, P D , is very high, when the P F A is only 5%. In many NDE applications SNR around 15 dB is not unusual, which implies that a γ close to zero can be considered in this case. VII. CONCLUSIONS The parametric model presented in this paper is able reconstruct the ultrasonic signal waveform consisting of multiple overlapping echoes from within multi-layered structures, by using the estimated parameter vector. Given the model it is possible to extract material properties of the individual layers.
We also demonstrated that a detector based on the GLRT performed on the model parameters is able to detect flaws in such structures.
